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Abstract
In the present paper, the necessary and sufficient conditions for the

projective motion to be affine motion are obtained. Projective motion is
studied in trirecurrent Finsler space.
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1. Introduction
Let us consider an n-dimensional affine connected Finsler space F,, with

a positively homogeneous metric function F(x, y) of degree one in y*.

The fundamental metric tensor g;; of F, is given by

(1.1) g5j(x,y) =5 8:8;F2(x, ).

The tensor g;;(x,y) is positively homogeneous of degree zero in y' and

symmetric in i and j.

The covariant derivative of any vector field X! with respect to x/ is
given by [14]

(1.2) BiX' = 0, X" — (0 X)IS5y™ + X*1T,
where

i —gi 1 yigr

jk jk n+1y jkr*

The normal projective connection H}k and the connection parameters G}k
are positively homogeneous of degree zero in y‘and skew —symmetric [14].
The normal projective curvature tensor Njikh IS given by
(1.3) Njikh = 2{3jn[ikh] + Hﬁj[hnlz]sys + Hri[hnlt]j}’

where [kh] represents skew — symmetric part. The derivatives c’ijﬂ,id1 IS
denoted by 11/, and given by

. . 1, .
My = G, — —y (5]'1Gl:hr +y! ﬁchr)f

where is symmetric in k and h only, and is positively homogeneous of

degree -1 in yi. That's tensor satisfies the following identity

(1.4) H}khyf = 0.
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The normal projective curvature tensor Ny, is skew-symmetric in its last

two indices, i.e.
(1.5) jikh = _Njihk'

Also, this tensor satisfies the following identity [13]
(1.6) N, + Nipj + Nijy = 0.

The normal projective curvature tensor jikh is related with Berwald

i
curvature tensor Hj, by

. . 1 Y
(L.7) Njgn = Hjyn = =7 ¥"0iHfep,

where the curvature tensor Hj,, is positively homogeneous of degree

zeroin ¥ ' and skew-symmetric in its last two indices which is given by

(1.8) Hfyp, = z{a[hGli]j + Gjr[kGiiz]r - GTl:j[kGfri]}'

The curvature tensor H}kh satisfies the following identities
(1.9) a) Hjikhyj = Hlih = Njikhyj b) Hll;hyk = Hfl:L
¢) Hi = (n—DH d) Hy; = Hy

The commutation formula involving the above curvature tensor, and

given by
(1.10) 2 BB T} = T} Nigny — T Nipmj = (0T )Nipms*.

In particular, the Berwald covariant derivative of the vector y* vanishes
identically, i.e.

(1.11) Bxy' = 0.
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Definition 1.1.

The normal projective curvature tensor I\Ijikh satisfies the relation [8]
(1.12) BiNjin = 4iNjin, Njir, # 0,

where A; is a non — zero recurrence vector field, the space is called
recurrent Finsler space ([4], [12], [13]).

Transvecting (1.12) by y/, using (1.9) and (1.11), we get
(1.13) BH}, = L HLp.

Definition 1. 2.

The normal projective curvature tensor Njikh satisfies the relation [8]

(1.14) BBiNjip = amNjgn,  Njen # 0,

where a;,,, iS a non — zero recurrence tensor field, the space is called

birecurrent Finsler space [1].
Transvecting (1.14) by y/, using (1.9) and (1.11), we get
(1.15) BynBiHyp = QimHyn-

Definition 1. 3.

The normal projective curvature tensor I\Ijikh satisfies the relation
(1.16) BanBleikh = Clmanikh! Njikh # 0,

where c¢;,,, 1S @ Non — zero recurrence tensor field of order three, the

space is called trirecurrent Finsler space [1].

Let us consider an infinitesimal transformation

(1.17) &° = x' + evi(x/),
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where ¢ is an infinitesimal constant and v'(x/) is called contravariant

vector field independent of y‘. Also, this transformation gives rise to a

process of differentiation called Lie- differentiation.

Let X be an arbitrary contravariant vector field. Its Lie- derivative with

respect to the above infinitesimal transformation is given by ([7], [9], [14])
(1.18) L, X! =v"B. X' — X"B,v' + (9,X')Bsv"y*,
where the symbol L, stands for the Lie-differentiation.

In view of (1.17) the Lie-derivatives of y* and v* with respect to above

infinitesimal transformation vanish, i.e.
(119) @) Ly’ =0,
and

b) L,v' = 0.

Lie-derivative of an arbitrary tensor Tji with respect to the above

infinitesimal transformation is given by
(1.20) L,T} = v"B, T — T/ B,v' + T}Bv" + (0,T})Bsv"y".
Lie-derivative of the normal projective connection parameters Hjik IS
given by [14]
(1.21) L0, = BiByv' + N} v" + I,y Bsv'.
The commutation formula for the operators B, 8j and L, are given by
(I51.122])
(1.22) (LyBi — BiLy)X' = X L, MLy, — (0,X7) Ly ipy™,

where X! is a contravariant vector field.
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The infinitesimal transformation (1.17) defines a motion, affine motion
or projective motion if it preserves the distance between two points,
parallelism of pair of vector or the geodesics, respectively. Necessary and
sufficient conditions for the transformation (1.17) to be a motion, affine

motion and projective motion are respectively given by [4]
(1.23) L,g;; =0,
(1.24) L,II%, = 0,
and
(1.25) L,MT, = 87Py + 8;.P;,
where P; is defined as
(1.26) P; = 9;P,
P being a scalar, positively homogeneous of degree one in y*.
Transvecting (1.26) by y/, using homogeneity of P; [10], we get
(1.27) Py’ =P.

Let an infinitesimal transformation (1.17) be generated by a vector field

vi(x)).

The vector field v'(x/) is called contra, concurrent and special

concircular according as it satisfies
(1.28) a) Byvi =0,

b) Byv' =cé8i, cbeinga constant
and

¢) Bxv' = péL,  pisnota constant,
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respectively. The affine motion generated by the above vectors is called
contra affine motion, concurrent affine motion and special concircular,
respectively.

Several results by authors extended to Finsler spaces of recurrent
curvature by R. B. Misra, N. Kishore, and P. N. Pandey [6], A. Kumar, H. S.
Shulka and R. P. Tripathi [2], S. P. Singh ([10], [11]) and others. C. K.
Misra and D. D. S. Yadav [3] and S. P. Singh [12] discussed the affine
motion in birecurrent non - Riemannian space.

2. Projective Motion in an N- Trirecurrent Finsler Space
Definition 2. 1.

A trirecurrent Finsler space characterized by (1.16) in which infinitesimal
transformation (1.17) defines a projective motion is called projective
trirecurrent Finsler space briefly denoted by NT — PE,.

Lie-derivative of the normal projective curvature tensor I\Ij"kh satisfies the

relation
(2.1) LyNjy, = 2B(;P 8}, — 26{;By) Py — 2P

Transvecting (2.1) by y/, using (1.4), (1.9a), (1.11), (1.19a) and (1.27),
we get
(2.2) L,HL, = 8LBxP — y'B,P,.

In view of (1.5) and (1.11), applying Lie —derivative to (1.16) and
observing (2.1), we get

(23) LanBmBll\ljikh = (chlmn)lvjikh + Clmn(ZB[]Pk]S;l - ZSE]BR]Ph - ZPH;l[]k])

Transvecting (2.3) by y/, using (1.4), (1.9a), (1.11), (1.19a) and (1.27),
we get

(2.4) LyBpBnBiHLy = (LyCimn)Hin + Cimn (8 Bk P — y'ByPp).

Thus, we conclude
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Theorem 2.1.
In an NT — PE,, which admits a projective motion, the relations (2.3)
and (2.4) holds.

Transvecting (2.3) by y", using (1.9b), (1.19a) and (1.27), we get
(2.5) LyBnBpnBiHy = (LyCpnn)Hi.
Contracting the indices i and k in (2.5) and using (1.9c), we get
(2.6) Ly,BnyBpBiH = (LyCrmn)H.

Contracting the indices i and h in (2.4), using (1.9d), (1.11) and (1.27),
we get

(2-7) LanBmBlHk = (chlmn)Hk-
Thus, we conclude

Theorem 2.2.

Inan NT — PE,, which admits a projective motion, the division tensor of
Berwald curvature tensor H;, the scalar tensor H and the vector tensor H,,
satisfied the relations (2.5), (2.6) and (2.7) respectively.

When the projective motion becomes an affine motion, the condition

L,I1t, = 0 is satisfied. If we apply this condition in (1.25), we get
(2.8) &/P, + 6LP; = 0.

Contracting the indices i and k in (2.8), we get
(29) 1 +n)P; =0,

which implies

(2.10) P; = 0.
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Conversely, if (2.10) is true, the equation (1.25) reduces to L, T}, = 0. i.e.
the necessary and sufficient condition for the infinitesimal transformation

(1.17) which defines a projective motion to be an affine motion.
Using the equations (1.27) and (2.10) in (2.1) and (2.2), we get
(2.11) LyNjy, =0,
and
(2.12) L,HL, = 0.
Again, Using the equations (1.27) and (2.10) in (2.3) and (2.4), we get
(2.13) LyByByBiNjin = (LoCimn)Nin:  Njfin # 0,
and
(2.14) L,ByBmBiHip, = (LyCumn) Hi.
Thus, we conclude

Theorem 2.3.
In an NT — PE,, if the projective motion becomes an affine motion, then

the relations (2.13) and (2.14) are necessarily true.
From (2.13), we get

(2.15) (LyCrmn)Njn = 0, N, # 0, then we get

(2.16) L,Cmn = 0

Thus, we conclude

Theorem 2.4.
In an NT — PE,, if the projective motion becomes an affine motion, then

the recurrence tensor field c,,,,, satisfies the identity (2.16).
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Applying skew — symmetric of (2.16), we get
(2-17) LyCimn + LyCny + LyCym = 0
Thus, we conclude

Theorem 2.5.
In an NT — PE,, if the projective motion becomes an affine motion, then

the recurrence tensor field c,,,,, satisfies the identity (2.17).

3. Special cases
Let us consider an infinitesimal transformation generated by contra

vector v!(x/) characterized by (1.28a).

Taking the covariant derivative for (1.28a) with respect to x/ in sense of

Berwald, we get
(3.1) BjByv' = 0.

Using equations (1.25), (1.28a), (1.4) and (3.1) in equation (1.21), we get
(3.2) Nfiv" = 8/P, + 8iP;.

Differentiating (3.2) covariant with respect to x!, x™ and x™ in sense of

Berwald and using (1.28a), we get
(3.3) ByBmBiNinv" = 8/B,, B, Py + 6B, B, P
Using equations (1.16) and (3.2) in equation (3.3), we get
(3.4) 8/ (ByBmBiPx — CimnPi) + 6L (BuBmBiP; — CimnPj) = 0.
Contracting the indies i and j in (3.4), we get
(3.5) B,BnB;Pr = CimnPr-

Thus, we conclude

[ 02024 sigy ((1)aa—ad) ((7)a—aal) (4] ) dpiprtaiy e,_u.g._una_._au,a_\a,..]




[Wafa'a Hadi, Amani Hanbala, Abdalstar Saleem On Projective Motion in an N- Trirecurrent...]

Theorem 3.1.
In an NT — PE,, which admits projective motion, if the vector field

vt(x/) spans contra affine motion, then the vector Py is trirecurrent.
Transvecting (3.5) by y*, using (1.11) and (1.27), we get

(3.6) B,BnBP = CimnP.

Thus, we conclude

Theorem 3.2.
In an NT — PE,, which admits projective motion, if the vector field

v!(x/) spans contra affine motion, then the scalar function P is trirecurrent.
If we adopt the similar process for (1.28b), we get the following theorems:

Theorem 3.3.
In an NT — PE,, which admits projective motion, if the vector field

vt(x’) spans concircular affine motion, then the vector P, is trirecurrent.

Theorem 3.4.

In an NT — PE,, which admits projective motion, if the vector field
v(x’) spans concircular affine motion, then the scalar function P is
tirecurrent.

Let us consider an infinitesimal transformation generated by contra

vector v'(x/) characterized by (1.28c).

Taking the covariant derivative for (1.28¢c) with respect to x/ in the sense
of Berwald, we get

(3.7) B;Byv' = B;pé}.
Using equations (1.25), (1.28c), (1.4) and (3.7) in equation (1.21), we get

(3.8) Njipv" = 8/ Py + 8i.P; — B;péy.
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Differentiating (3.8) covariant with respect to x!, x™ and x",
respectively in the sense of Berwald and using (1.28c), we get

(3.9) ByBmBNjnv" = 6/ BBy B, Py + 6By BB, P — 8.8, ByBB;p.
Using equations (1.16) and (3.8) in equation (3.9), we get
(3.10) &/ (BnBmBi Pk — CimnPi) + 8k (ByBimBiPj — CrmnP}) —
8k (ByBmBiBjp — CimnB;p) = 0.
Contracting the indies i and j in (3.10), we get
(3-11) (ByBmBiPr — CimnPr) — (BnBmBiBip — CimnBip) = 0.
If
(3.12) B, B,wBiBkp — CimnBrp = 0.
Then we can written equation (3.11) as:
(3.13) B,BmBiPi = CrmnPr.
Thus, we conclude
Theorem 3.5.

In an NT — PE,, which admits projective motion, the vector field v*(x/)
spans special concircular affine motion then the vector P, satisfied the
trirecurrent property if condition (3.12) hold.

Transvecting (3.11) by y*, using (1.11) and (1.27), we get
(314) BanBlP = ClmnP-
Thus, we conclude

Theorem 3.6.

In an NT — PE,, which admits projective motion, if the vector field
vi(x/)spans special concircular affine motion, then the scalar function P is
trirecurrent.
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